Mandatory representation designs  by Mendelsohn, Eric & Rees, Rolf
JOURNAL OF COMBINATORIAL THEORY, Series A 49, 349-362 (1988) 
Mandatory Representation Designs 
ERIC MENDELSOHN 
Department qf Mathematics, University of Toronto, Toronto, Canada 
AND 
ROLF REES* 
Combinatorics and Optimization, University of Waterloo, Waterloo, Canada 
Communicated by the Managing Editors 
Received April 15, 1987 
A mandatory representation design MR(K, u) is a pairwise balanced design on v  
points with block sizes from K in which for each k E K there is a block in the design 
of size k. The study of these designs is naturally associated with the study of 
pairwise balanced design having pre-specified subdesigns. We investigate the 
existence of MR(K: v)(s. where 3 E K. 'C 1988 Academtc Press, Inc. 
1. INTRODUCTION 
A pairwise balanced design PBD is a pair (X, B), where X is a set of 
points and B is a collection of subsets of X called blocks such that any pair 
of distinct points occurs in a unique block. A PBD(K, u) is a pairwise 
balanced design on u points in which each block has size an integer in the 
set K (the size of a block is the number of points it contains). A mandatory 
representation design MR(K, v) is a PBD(K, u) with the additional property 
that for each k E K there is a block in the design of size k. To illustrate the 
point note that if K= {n E 22 n >, II} then there always exists a PBD(K, u) 
but there never exists an MR(K, u). 
Pairwise balanced designs play a central role in combinatorial design 
theory, as they may be used to contruct many other classes of com- 
binatorial designs. Mandatory representation designs arise quite naturally 
when considering the problem of constructing certain classes of com- 
binatorial designs with specified subdesigns. For example, a Steiner triple 
system STS(u) is a PBD(3; u); it is well known that there exists an STS(u) 
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349 
0097-3165/88 $3.00 
Copyright ( 1988 by Academic Press. Inc 
All rights of reproduction m  any form reserved 
350 MENDELSOHN AND REES 
if and only if v z 1 or 3 modulo 6. If (X, B) is an STS(u) then (A”, B’) is a 
subsystem of (A’, B) if X’ c X, B’ c B and (A”, B’) is an STS. Doyen and 
Wilson [S] proved the following. 
THEOREM 1.1. If v, w E 1 or 3 mod 6 and v >, 2w + 1 then there exists an 
STS( v) containing a sub-STS( w). 
Clearly the Doyen-Wilson theorem is equivalent to the assertion that for 
each M’ = 1 or 3 mod 6, there exists an MR(3, w; v) whenever v 2 2w + 1 
andurl or3mod6. 
We remark here that Brouwer and Lenz have done a considerable 
amount of work towards developing a result analogous to Theorem 1.1 for 
block designs with block size 4 (see [3, 43). 
Let there be given a set K of positive integers. In order that there exist an 
MR(K; v) we must certainly satisfy Wilson’s conditions (see, e.g., [2]): let 
a(K)=g.c.d.{k-l:k~K} and /?(K)=g.c.d.(k(k-1):k~K). Then 
v-l=0 mod U(K) 
u(v - 1) E 0 mod /3(K). 
(1.1) 
On the other hand, there must be a block of size k for each k E K. Let P(K) 
denote the smallest number of points required to construct a partial design 
(i.e., a pair (X, B) consisting of a point set X and a block set B so that any 
pair of distinct points occurs in at most one block) with {lb/: b E B} = K. 
Then clearly 
v 3 P(K). (1.2) 
We make no attempt to determine P(K) here, but note that if 2 E K 
then determining P(K) is equivalent to determining the spectrum 
(u: 3MR(K; v)}: 
THEOREM 1.2. Let K be a set of positive integers with 2 E K, Then there 
exists an MR( K; u) if and only if u B P(K). 
Proof: Conditions (1.1) and (1.2) reduce to the single condition 
u 2 P(K). On the other hand, if v > P(K) then just construct the relevant 
partial design on v points and fill in any unused pairs with blocks of 
size 2. 1 
One can define P(S) as above where S is any multiset of positive 
integers. The determination of P(S) is an interesting and difficult problem 
in its own right. For example, if Yk = {{k}, {k, k), {k, k, k}, . ..} then deter- 
mining P(S) for each SE Yk is equivalent to the well-known “packing 
problem”: given k, n > 0 what is the maximum number of edge disjoint 
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complete graphs Kk contained in K,. 7 (See, e.g., [l, 81). Let (X, B) be a 
partial design. The dual (X, B)* of (X, B) is the partial design (X*, B*), 
where X* = B and B* = { { Bie B: x E Bi}: x E X}. Clearly, (X, B)** = 
(X, B). Let S be a multiset of positive integers and define P*(S) to be the 
smallest number of blocks required to build a partial design (X, B) with S 
as its set of replication numbers (the replication number of a point in a par- 
tial design is the number of blocks containing that point). By considering 
duals we see that P*(S)=P(S). We will agree that P*(4)=P(#)= 1. 
In this paper we are predominantly interested in MR(K; v)‘s, where 
3 E K, although the results obtained in Section 2 can be applied to a more 
general setting. Note that when 3 E K the problem of determining the 
existence of MR(K; u)‘s can be separated via Wilson’s conditions into the 
following sub-problems. 
Cases Wilson’s Condition on u 
(1) All kiE K are odd 
(a) ki-0 or 1 mod 3 Vi u=lor3mod6 
(b) ki= 2 mod 3 for some i v=l mod2 
(11) Some kj E K is even 
(a) ki= 0 or 1 mod 3 Vi us0 or 1 mod 3 
(b) k, s 2 mod 3 for some i None 
Note that when K= { 3, k} these conditions become 
la’ k=lor3mod6 r=l or3mod6 
Ib’ ks5mod6 u=l mod2 
IIa’ k=Oor4mod6 v0 or 1 mod 3 
IIb’ k=2 mod 6 none. 
The above table suggests that we can obtain a lot of information about 
the existence of the general designs MR(K; u) by considering in detail the 
cases, where 1 K( = 2. Suppose, for example, that we were interested in case 
IIa, and that we had at our disposal an MR(K; w) for some w  = 0 or 
4 mod 6. If we happened to know that there exist MR(3, w; u) for all u B u,. 
with u satisfying the (necessary) condition IIa’, then we would also have 
designs MR(K; u) for all u >, u,. with u E 0 or 1 mod 3. A similar analysis 
applies to the cases Ia, Ib, and IIb. 
We will study in some detail the designs MR(3, k; u). In Section 2 we 
develop lower bounds on u, which will be seen to vary according to the 
parity of k, and even according to the parity of u - k (see Theorem 2.5). We 
remark that the lower bounds obtained (in particular, the non-obvious 
ones, i.e., where k is even) can be applied to the study of MR(n, k; u), 
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where n is any odd integer (i.e., the derivation of these bounds has nothing 
to do with the fact that n = 3). 
In Section 3 we determine completely the spectrum for MR(3, k; v), 
where k is any odd integer. 
2. NECESSARY CONDITIONS 
In this section we derive “reasonable” necessary conditions for the 
existence of designs MR(3, k; 0). What this really means of course is deriv- 
ing lower bounds for v strengthening condition (1.2). We consider two 
main cases. 
(I) k odd. If k = 1 or 3 mod 6 then Wilson’s conditions (1.1) imply 
v = 1 or 3 mod 6; we must clearly have v > 2k + 1. 
If k z 5 mod 6 then conditions (1.1) imply only that v E 1 mod 2. Let Bk 
be the set of blocks of size k in the design. Then (I;) - 1 B,I (i) - 0 mod 3. 
Thus if v - 5 mod 6 we have IB,( z 1 mod 3; since (BkJ = 1 is possible we 
deduce v > 2k + 1. On the other hand, if u = 1 or 3 mod 6 then JB,J - 0 
mod 3; since Bk # fa, there are at least three blocks of size k in the design, 
whence v > 3k - 2. 
(II) k even. In this case things are rather more complicated. If u is 
odd then each point in an MR(3, k; v) must be contained in an even num- 
ber of blocks of size k (the same is true of course in any MR(n, k; v), where 
n is odd). Since there is a block of size k, there must be at least k + 1 such 
blocks. It is a consequence of the following result (which is essentially the 
“dual” of Stinson’s Theorem 3.1 in [lo]) that v 3 +k(k + 1). 
THEOREM 2.1. Let (X, B) be a partial design, with block size k, in which 
there are b blocks. Then letting r = 1 + L(b - 1 )/k J we have 
IXlab. 
2rk-b+ 1 
r2+r , 
with equality if and only if each point is contained in either r or r + 1 blocks 
and each pair of blocks has non-empty intersection. 
Proof: For each x E X let rx denote the number of blocks containing x. 
Let 1 be a positive integer. Then 
0 < 1 (r, - l)(rr - I- 1) = C r,;(r, - 1) - 21 C r.X + 1 41+ 1) 
x 
$(b- I)-21bk+l(l+ 1) IX,, 
x x 
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whence 1x1 2 b . (21k - b + 1)/(1* + I). The conclusion follows by noting 
that the expression b. (21k- b + 1)/l’+ /) is maximum when I= r= 
L(b - 1 )/k_l + 1 (to see this one merely examines the difference between 
successive terms). 
Remark. By considering duals, the existence of a partial design achiev- 
ing the bound of Theorem 2.1 can be seen to be equivalent to the existence 
of a PBD on b points with blocksizes r, r + 1 in which each point is 
contained in k blocks. 
Thus if we have an MR(3, k; II) where u is odd we have u > ik(k + 1). 
Now if k = 0 or 4 mod 6 Wilson’s conditions imply that u = 1 or 3 mod 6. If 
k = 2 mod 6 then there are no congruential conditions on v; however, when 
D z 5 mod 6 then as in case (I) we deduce that (B,j E 1 mod 3. Since k c 2 
mod 6 we cannot have I B,I = k + 1 and so must have lBkl > k + 2. We 
cannot expect Theorem 2.1 to yield an achievable bound for u in this case 
because we are interested here in partial designs in which each point is 
contained in an even number of blocks. Nonetheless if (X, B) is a partial 
design, containing k + 2 blocks of size k, in which each point is contained 
in an even number of blocks, it must be that (i) each point is contained in 
either 0 or 2 blocks, and (ii) each block has empty intersection with exactly 
one other block. (It is not difficult to construct such a design: take the 
complete graph Kk+* minus the edges of a l-factor. Viewing this as a par- 
tial block design with block size 2 we now consider its dual.) In particular 
this means that IX/ 3 tk(k + 2). On the other hand, if (A’, B) contains (at 
least) k + 5 blocks of size k then Theorem 2.1 implies that again 
1x12 $k(k + 2). Thus for k = 2 mod 6 we have 
(i) obfk(k+ 1) if u= 1 or 3 mod 6, and 
(ii) u>+k(k+2)+ 1 if u=5 mod 6. 
Let us now consider MR(3, k; u) where k is even and v is even. This is 
the most difficult case of all to consider since each point in such a design 
must be contained in an odd number of blocks of size k (again the same is 
of course true in any MR(n, k; v) where n is odd); in particular, each point 
is contained in at least one such block. 
Let (X, B) be a partial design with (even) block size k in which each 
point is contained in an odd number of blocks. For each x E X let rr denote 
the number of blocks containing .Y. Since 
c r, =k 14, 
we have 
1x1 =k IBJ -1 (r,- 1). (2.1) 
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In particular, (XI is even. Let 1x1 = -2t mod k, 0 < t < k/2. Then for some 
c > 0 we have from Eq. (2.1) that 
1x1 = k (BI - (2t + ck). (2.2) 
Now suppose that IBI < 2k + 1. Let x be a point in (X, B). Then x is con- 
tained in 2m + 1 blocks for some m > 0; let these blocks be B, , . . . . B,, + , . If 
m > 1 replace x by m new points x’, , . . . . xl; replace Bz,+ , by 
(B 2m+l-(~J)u(~‘i ,..., x&) and for each i=l,,.,, m replace Bzipl by 
(Bzi..l - {x})u (xl} and B,,. by (Bzi- {x})u {x:}. If m=O, delete x from 
the design. Perform this operation for each x~X to obtain a new partial 
design (X’, B’). In this new design each point is contained in exactly three 
blocks, so that since I B’I < JBI < 2k + 1 it follows that no block in B’ has 
size greater than k. Finally, construct a partial design (X”, B”) by adding 
k - 161 new points to each block b E B’ (i.e., we are adding in all 
&. (k - (61) new points to X’). Note that 
1 
and (‘) 
each point in (A”‘, B”) is contained in either one or three blocks, 
(ii) 
Thus since IB”I < IBI it follows from Eq. (2.2) that IX”I d 1x1. This means 
that we may as well assume that (A’, B) already satisfies property (i) above; 
i.e., each x E X is contained in either one block or three blocks. Note then 
that if we let YG X consists of those points contained in three blocks, the 
equation xx (r, - 1) = 2t + ck implies I YI = t + ck/2. Furthermore, since 
lBJ <2k+ 1 we have O<c<$(2k+ 1). 
For each integer m 3 0 define p(m) = P(S), where S is the multiset con- 
sisting of m threes when m z 1, or S = ~,4 when m = 0 (the functions P, P* 
were defined in the Introduction). Thus p(m)=min{n>O: the complete 
graph K,, contains m edge-disjoint K,‘s). From the foregoing we see that if 
(X, B) is a partial design with block size k and 1x1 = -2r mod k, 
IBI d2k+ 1 then 1x1 amin(k.p(t+ck/2)-(2t+ck): O<c<)(2k+ l)}. 
Before proceeding to our main result we state the following well-known 
result concerning packings of K,‘s into a K, (see [6, 81): 
THEOREM 2.2. Let n >O and let T(n) denote the maximum number of 
edge-disjoint K,‘s contained in K,, . Then 
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gl(n - 1) ifn-1 or3mod6 
T(n) = 
t(n(n- l)-8) ifnE5mod6 
$z(n - 2) ifn-0 or 2 mod 6 
&(n(n - 2) - 2) ifn-4 mod 6. 
Note that p(m) can be completely determined from Theorem 2.2. Table I 
illustrates p(m) for the first few values of m. 
COROLLARY 2.3. For each m > 0, 
(p(m) - 1 )(p(m) - 2) p(m) + 1 _ 
2 2 
< 3m, 
Proof: If 0 <m < 4 the validity of this inequality can be easily checked 
from the above table. Let m 2 5 and let n =p(m)- 1. Then n 2 6. By 
definition of p(m) we have T(n) cm. But 
(p(m)- lNptm)-22)-Am)+ 1=4n-2)-2 
2 2 2 
d 37’(n) 
<3m. 1 
We can now prove the following result. 
THEOREM 2.4. Let (X, B) be a partial design with block size k (k even) in 
which each point is contained in an odd number of blocks. Let T(n) be the 
K,-packing number for K,, (as defined by Theorem 2.2) and (et p(m)= 
min{n>O: T(n)>m}. Then if 1x1 G -2t mod k, O<t<k/2 we have 
1x1 >k.p(t)-2t. 
TABLE I 
m p(m) m p(m) 
0 1 8 8 
1 3 9 9 
2 5 10 9 
3 6 11 9 
4 6 12 9 
5 I 13 10 
6 I 14 11 
I 7 15 11 
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Proof: If t = 0 then the desired conclusion is immediate. Thus we may 
assume that t >O (whence k34). 
Now if IBI > 2k + 1 then 1x1 > fk(2k + 1) (Theorem 2.1). Thus if k = 4, 6, 
or 8 we have 0 < t < 3 and it can be quickly checked from Table I that in 
all cases fk(2k + 1) 9 k .p(t) - 2t. If k 3 10 then since t < k/2 we have from 
Theorem 2.2 that p(t) <p(k/2 - 1) < k/2 + 1, and again fk(2k + 1) > 
kp( t ) - 21. 
Following the discussion preceding Theorem 2.2 we will be done if we 
can show that for each 0 d c 6 f(2k + 1 ), 
k.p I+C; -(2t+ck)-(k.p(t)-2t)>O 
( > 
or, equivalently, 
p r+c; >p(r)+c. 
( > 
(2.3) 
It is obvious from the definitions that p(m) > n whenever 3m > (4). Thus to 
prove inequality (2.3) it is sufficient to show that 
3 t+ck ,(P(t)+c-l)(P(G+c-2) 
( > 2 2 
= P(f)(P(l) - 4) + (2c + 1 )p(t) + (c - l)(c - 2) 
2 
From Corollary 2.3 we have 
P(?)(P(l) -4) (p(t) - l)(P(l) - 2) P(f) + 1 
< 
-- < 3r 
2 2 2 
so that we need only show 
(2c+ l)p(t)+(c- l)(c-2)63ck (2.4) 
where 1 <c<+(2k+ 1). 
Now t< k/2 so that by Theorem 2.2 p(t) < k/2 +2. the roots of the 
quadratic c2 - (2k-l)c++(k+8) are +(2k-1 +Ja). Since 
kb4 we have 4k2-6k-15>(2k-3)2, whence c2-(2k-l)c+ 
t(k + 8) < 0 whenever 1 < c < 2k - 2. Thus inequality (2.4) is valid for all 
k 3 4 and all 1 < c d $(2k + 1 ), and the proof is complete. 
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Remark. It is easy to see that for each even integer k and each 
0 d t <k/2 there exists a partial design (X, B) with block size k, in which 
each point is contained in an odd number of blocks whenever (XI = -2t 
mod k and 1x1 gk.p(t)-22. Write 1x1 =k.p(t)-2t+cc.k. Construct a 
partial design on p(t) points containing t blocks of size 3; take its dual and 
add enough new points to each block to yield a partial design (A”, B’) with 
block size k on k .p( t) - 2t points. Now add ak new points {x, , . . . . x,~} to 
X’ and TV new blocks (B, , . . . . B, t to B’, where Bj = (xc,+ 1 1k + 1, . . . . x,~ ) for 
I d id c(. The desired design is obtained. 
We collect the results obtained in this section to deduce the following 
necessary conditions on the existence of MR(3, k; u): 
THEOREM 2.5. Suppose that there exists a mandatory representation 
design MR(3, k; v). Then the following conditions hold, where p(t) is as 
defined preceding Theorem 2.2: 
(i) Ifkzlor3mod&thenv=l or3mod6andv>2k+l. 
(ii) Ifk~5mod6,theneitheru~5mod6andv~2k+l,orv=l or 
3 mod 6 and vZ3k-2. 
(iii) If k = 0 or 4 mod 6 and v is odd then u = 1 or 3 mod 6 and 
v 3 +k(k + 1). If k = 2 mod 6 and v is odd, then either v E 1 or 3 mod 6 and 
u>jk(k+ l), or v-5 mod 6 and vatk(k+2)+ 1. 
(iv) If k 5 0 or 4 mod 6 and v is even then v E 0 or 4 mod 6, while if 
k - 2 mod 6 and v is even there are no (further) congruential conditions on 
v. In each case here we have v 2 k ‘p(t) -2t when v- -2t mod k, 
0 < t < k/2. 
Remark. Note that the lower bounds for v vary considerably from case 
to case. Case (iv) is a particularly interesting one: If k is a given even 
integer then a smallest possible MR(3, k; v) will contain v = 3k - 2 points 
(this corresponds to the case t = 1). (To construct an MR(3, k; 3k - 2) just 
add a common point to each group in a transversal design TD(3, k - 1); 
see the next section for terminology.) On the other hand if we take t to be 
as large as possible then the expression k .p( t) - 2t is of order k3j2 (see the 
definition of p(t)). This means that for values of v between (roughly) 3k 
and k3j2 satisfying the necessary congruential conditions we can expect 
many “gaps,” i.e., values v for which MR(3, k; v) do not exist. 
582al49/2-12 
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3. MR(3, k; u)‘S WITH k ODD 
In this section we prove that condition (ii) of Theorem 2.5 is sufficient to 
guarantee the existence of an MR(3, k; u). In view of Theorem 1.1 this will 
settle the existence problem for these designs where k is odd. 
Our main construction tool will be Wilson’s fundamental construction 
for group divisible designs (see [ 111). A group divisible design (GDD) is a 
triple (X, G, B), where X is a set of points, G is a partition of X into subsets 
(called groups), and B is a collection of subsets of X (called blocks) such 
that 
(i) for each group G, and each block Bj, IGi n Bjl 6 1, and 
blocl? ) 
any pair of points from distinct groups occurs in exactly one 
A K-GDD of type gfl .g: is a GDD in which each block has size from K 
and in which there are t; groups of size g,, i= 1, . . . . r. We also write this as 
K-GDD of type S, where S is the multiset consisting of ti copies of gi. 
Wilson’s construction is as follows. 
Construction 3.1. Let (X, G, B) be a group divisible design and let 
u’: X + Z + u { 0} (MJ is called a weighting). Suppose that for each block 
B, E B there is a K-GDD of type (w(x): XE B,). Then there is a K-GDD of 
type ErEG. w(x): G, E G}. 
A transversal design TD(k, n) is a k-GDD of type nk. It is well known 
that the existence of a TD(k, n) is equivalent to that of k- 2 mutually 
orthogonal lating squares of order n. In particular there exist TD(3, n) for 
all n > 0, and TD(4, n) for all n > 0 except n = 2,6. 
We will construct our designs from group divisible designs by means of 
the following construction. 
Construction 3.2. Let (X, G, B) be a K-GDD and 6 E (0, 1). Suppose 
that for each G,E G there exists a PBD(K; IGil + 6). Then there is a 
PBWK 6 + CG,e G IGil 1. 
The following is a consequence of Theorem 3.3 of Huang, Mendelsohn, 
and Rosa [7] or Theorem 3.1 of Rees [9] : 
THEOREM 3.3. Zf v~ kz 5 mod 6 and v 2 2k+ 1 then there exists an 
MR( 3, k; u). 
Remark. The MR’s so constructed above each contain exactly one 
block of size k. 
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In the remainder of this section we will prove 
THEOREM 3.4. Let k s 5 mod 6. If v E 1 or 3 mod 6 and v >, 3k - 2, then 
there exists an MR(3, k; v). 
We do this by establishing a sequence of lemmas. 
LEMMA 3.5. Let k-5 mod 6. If v=3k-2 or v36k-3, and us 1 or 3 
mod 6 then there exists an MR(3, k; v). 
Proof. Take a 3-GDD of type (k - 1)3 (this is equivalent to a latin 
square of order k - 1) and apply Construction 3.2 to obtain an 
MR(3, k; 3k - 2). Now 3k - 2 = 1 mod 6 so that we can apply Theorem 1.1 
to construct an MR(3, 3k - 2; v) (containing one block of size 3k - 2) for 
all v = 1 or 3 mod 6 with u > 6k - 3. Replace the block of size 3k - 2 in the 
latter design by an MR(3, k; 3k - 2). 1 
A parallel class of blocks in a design is a collection of blocks that par- 
titions the point set. The following result is a consequence of Theorem 2.1 
in [9]. 
LEMMA 3.6. Let n be even and 0 d r d n. There is a 2, 3-GDD of type n3 
in which the set qf blocks of size 2 can be partitioned into 2r parallel classes. 
COROLLARY 3.1. For each pair of even integers n and m with 0 f m < 2n 
there exists a 3-GDD of type n3m’. 
Proof. We let m = 2r and apply Lemma 3.6. To each of the m parallel 
classes of blocks of size 2 we adjoin a point “at infinity” and we let these m 
“infinite” points form a group. 1 
LEMMA 3.8. Letk=5mod6.If3k-26v<5k-4andv=lor3mod6 
then there exists an MR(3, k; v). 
Proof Use Corollary 3.7 to construct a 3-GDD of type (k - 1)3 
(u - 1 - 3(k - 1))‘. Now apply Construction 3.2 (with 6 = 1); since v s 1 or 
3 mod 6 we have v - 1 - 3(k - 1) z 0 or 2 mod 6, so fill in three blocks of 
size k and an STS(v-3(k- 1)). 1 
LEMMA 3.9. Let kr5 mod 12. If 5k-4dvd6k-5 andvz 1 or 3 mod 
6 then there exists an MR(3, k; v). 
Proof Consider the following group divisible design, on the point set 
{a, 6, 1, 2, 3,4, 5, 6, 7, 8, 9 1. 
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Groups 
Blocks 
a, h; 1; 2; 3; 4, 5; 6, 7; 8, 9 
a, 1,4,7 b, 1,2,3 1, 5, 9 2, 7, 9 
a, 2, 5, 8 6, 5, 6 1, 6, 8 334, 8 
a, 3, 6, 9 6, 7, 8 234, 6 3, 5, 7 
634, 9 
Apply Construction 3.1, giving each point weight (k - 1)/4 and replacing 
each block by a transversal design, to obtain a 3,4-GDD of type 
((k - 1)/2)4 ((k - 1)/4)3. Note that in this new GDD each of the $(k- 1) 
points replacing a (call them a,, a?, . . . . aC,,4,Ckp ,,) has the property that 
every block containing it has size 4. 
Let t=u-(5/z--4); then O<t<k-1. Let n,,n2,...,n(1,4)(k-I) be a 
sequence of zeroes, twos, and fours such that C ni = t. Now we apply Con- 
struction 3.1 to our new GDD: give point weight n,, i= 1, . . . . (k- 1)/4 a, 
and give all other points weight 2. Using Corollary 3.7 we can replace each 
block by the relevant 3-GDD. We obtain a 3-GDD of type ((k - 1)/2 + t)’ 
(k - 1)3 ((k - 1 )/2)3. Note that this GDD has v - 1 points; furthermore 
since kz5 mod 12 we have (k-1)/2=2 mod 6 and (k-1)/2+t= 
(k- 1)/2+t1-(5k-4)-u- 1 =O or 2 mod 6. Thus we can now apply 
Construction 3.2 (with S = 1) tilling in three blocks of size k, three 
STS((k - 1)/2 + 1)‘s and an STS((k - 1)/2 + t + 1). We obtain an 
MR(3, k; u) as desired. 1 
LEMMA 3.10. Let n E 5 mod 6. There exists a 2, 3-GDD of type 
(n + 1)’ n3 whose block set can be partitioned into 2n parallel classes, n of 
which consist entirely of blocks of size three. 
Proof: Suppose first that n B 11. Take the point set {-x1, x2, . . . . x,, , } u 
(Z,x Z,), with groups {x,, x1, . . . . x,,,~}, Z,, x {0}, Z, x {l}, Z, x 12). 
Develop the following two parallel classes of blocks modulo n: 
(1) 
f(n+ l),j(n+ 1)‘ 1, -~,wh 
f(n + 4), $(n + 4), 4, x* 1021 
$(2n - 4)0 f(n - 8), (n - 4)2 -q,+ , ,j3 f(n - 2h f(n - 2), 
-q, + 4j,3 f(2n - 1 lo (n - 112 X(2n+5)/3 ftnm2), O2 
-x~,+~,,~ 4(2n +2)0 22 x(Zn+8)/3 i(n+4)l 32 
.Y ,2n+2),3(n-lh(n-3)2 x,,+,(n-22), (n-2j2 
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(11) 
-x1 12 Xln+4)/3 fP- lo), 
“242 -xc,+ 7)/3 f(2n - 4), 
-K(, ,,,x’(n - 4)2 -qh+2),3f(n - 14), 
xc,+ !I/3 0 2 
.T(Zn + 5)/3 f(n + 1)” 
-~(Z,l+8)/3f(~+4)” (n- lh(n--1, (n- 112 
f(n-8), (n-3j2 
.u,f(2n - 4), 
-y,, + 1 0” 
f(2n- l),i(n-2), 012, 103, 
f(2n + 2), f(n + 4), 2152 20% 
(n-2)&4), f(2n - 16), (n - 6)? f(n - 2), (n - 2)2 
If n = 5 take the point set {xi, x2, . . . . x,} u (Z, x Z,), with groups as 
above and develop the following two parallel classes modulo 5: 
This completes the proof. 1 
LEMMA 3.11. Letkrllmod12.If5kdvd6k-3andv~lor3mod6 
then there exists an MR(3, k; v). 
Proof: Let n = (k - 1)/2. Apply Lemma 3.10, and add an “infinite” 
point to each of the 2n parallel classes to obtain a 3,4-GDD of type 
(k- 1)’ ((k+ 1)/2)’ ((k- 1)/2)3. In this GDD there are (k- 1)/2 points 
a,, a,, . . . . ack _ 11,2, all contained in the group of size k - 1, and each with 
the property that every block containing it has size 4. Let t = v - (5k - 2) 
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and let nl, n2, . . . . +-, ,,Z be a sequence of zeroes and twos satisfying 
C ni = t. Now apply Construction 3.1 giving point ai weight n, and every 
other point weight 2. Each block is replaced with a 3-GDD. We get a 
3-GDD of type (k - 1 + t)’ (k + 1)’ (li - l)j. There are u - 1 points in this 
GDD. Now finish with Construction 3.2 (6 = 1) filling in three blocks of 
size k, three STS(k + 2)‘s and an STS(k + t), noting that k + 2 = 1 mod 6 
and k+ t=zj-4k+2-v= 1 or 3 mod 6. 1 
Theorem 3.4 now follows from Lemmas 3.5, 3.8, 3.9, and 3.11. This, 
coupled with Theorems 1.1 and 3.3, implies the sufficiency of conditions (i) 
and (ii) in Theorem 2.5. Note that in all cases the constructions indicated 
herein yield designs containing either one or three blocks of size k, i.e., the 
minimum number of such blocks possible in an MR(3, k; u). 
4. CONCLUSION 
Determining the spectrum for MR(3, k; v), where k is even is a challeng- 
ing open problem. We can prove that Wilson’s conditions (1.1) are suf- 
ficient when v is greater than (roughly) 18k2; in our opinion the bounds 
developed in Section 2 will turn out to be very good ones although we have 
as yet no evidence to support this claim. We hope to report further in a 
future paper. 
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